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  

1. (i) The matrix A is defined by

A !
"#

$
%

&

'
(

3 4 1

2 6

k k

  where k is a constant.

  (a) Determine the value of k for which A is singular.
(2)

  Given that A is non-singular,

  (b) determine A–1 in terms of k, giving your answer in simplest form.
 (2)

 (ii) The matrix B is defined by

B !
"

#
$

%

&
'

p
q
0

0

  where p and q are integers.

  State the value of p and the value of q when B represents

  (a) an enlargement about the origin with scale factor –2

  (b) a reflection in the y–axis.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a . Matrix A isSingular => det(A) = 0

X = abJc d

def(x) = (a)(d) - (b)(c)

det (A) = (3r)(6) - (4n - 1)(2)

184 - 184 -2)

184 - 8k + 2

10k + 2

det (A) = 10n + 2

Set det (A) = 0 => 10n + 2 = 0

10n = - 2

u = - : -15

k =

-E
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Question 1 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 1 is 6 marks)

b
.

x = Jab ,-

- b = - (4k - 1) = 1 - 4k

- c = - (2) = - 2

A" = 1 B1- an

10n + 2 -23

iia
.

p = q = - 2

B=T

b . start by drawing a coordinate axis and mark coordinates 1) and (i)

then transform both of these coordinates by transformation / reflection in y-axis (

y-axis
Ya Y

M

(i)
x (i)x

both 15) and (i) undergo
*

(d)
> x

reflection across Y
- axiS

>

(b)
> x

rewrite matrix but

/Identity matux I
L now replace coordinates

with their transformations

1 O new mathx represents transformation B - 1 O
in this specific orderJ & J01 01

B:
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  

2.  In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

f(z) = z z z p p3 2
13 59! " " # 

 Given that  z = 3  is a root of the equation  f(z) = 0

 (a) show that  p = –87
(2)

 (b) Use algebra to determine the other roots of  f(z) = 0, giving your answers in 
simplest form.

(4)

 On an Argand diagram

• the root  z = 3  is represented by the point P

• the other roots of  f(z) = 0  are represented by the points Q and R

• the number  z = –9  is represented by the point S

 (c) Show on a single Argand diagram the positions of P, Q, R and S
(1)

 (d) Determine the perimeter of the quadrilateral PQSR, giving your answer as a 
simplified surd.

(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
. Since z = 3 is a root

,
f(3) = o

f(z) = (3)3 - 13(3)2 + 59(3) + p = 0

27 - 117 + 177 + p = 0

87 + p = 0

p = - 87

p = -87
, shown

3

b . For a Cubic ea with form : ax +ba + <x + d
,

there are 3 roots.

There are 2 possibilities : 3 real roots

I real root and 2 complex roots / Conjugate pair

(z - 3)(az2 + bz + c)

az3 + bz2 + Cz - 3Gz- 3bz + 3

(a)z + (b - 3a)z2 + (c - 3b(z + (3)
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Question 2 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

equate coefficients to f(z) : (1) a = 1

(2) b - 3a =
- 13

(3) C- 3b = 59

() 3c = p

(2) b - 3 (1) = - 13

b - 3 = - 13

b = - 10

(3) C - 3b = 59

C - 3) - 10) = 59

C + 30 = 59

C = 29

quadratic factor
,
z2-10z + 29

z2- 10z + 29 = 0

(z - 5)2 - 25 + 29 = 0

(z -52 + 1 = 0

(z - 5)2 = - 4

(z - 5) =I

z = 51 2i

z = 52i

C
. im

x
5 + 2i(Q)

*9 (S)
*
3(P)

> Re

x5
- 2i(R)
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  

Question 2 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

d .
findIIPQII

,
Il PRII

,
11 SQII

.
IISRI

II Pall = I PR11 & LISQI1 = I/SRI

Pars = 2 Il Poll + 211 SQ Distance between 2 points :

Me-X, (2+ (x2-Y, )
2

for points (X1 , %1) & (Xc , 2)

Poll:+ 12-0 =2

P(3
,
0) Q15 , 2) R15 , -2) S1-9 . 0)

IIsall=-9+ 12-op = 102

Q 15 , 2)

Il &

Pars = 2(2z) + 2(10) (-9 , 0)S P(3 , 0

= 24
Il -

R (5 ,
- 2)

Perimetre PQRS = 24 units
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  

3.  f(x) = x x x x3
5 4 7! ! " x  0

 The equation  f(x) = 0  has a root α in the interval [0.25, 1]

 (a) Use linear interpolation once on the interval [0.25, 1] to determine an approximation 
to α, giving your answer to 3 decimal places.

(3)

 The equation  f(x) = 0  has another root β in the interval [1.5, 2.5]

	 (b)	 Determine	f ′(x)
(2)

 (c) Hence, using  x0 = 1.75  as a first approximation to β, apply the Newton–Raphson 
process once to f(x) to determine a second approximation to β, giving your answer 
to 3 decimal places.

(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

- ____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

Linear Interpolation :

x = af(b) - bf (a) for interval [a , b)

f(b) - f(a)

where < is the root

a = 0 . 25
,

b = 1

225

f(0. 25) = 10 . 2513 - 500 25) - 41025) + 7 = 64

f(1) = (7)3 - 52 - 4() + 7 = - 1

X = 0 . 25 f(1) - 1 f(0. 25)

f(1) - + (0. 25)

a = 0 . 25(- 1) - 1)2
1- 1) -1

2 =

0 .8339100346)

X = 0 . 83413d -p . )
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Question 3 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 3 is 7 marks)

b
. f(x) = x3 - 5x - 4x + 7

f(x) = x3 - 5x - 4x + 7

f(x) = 3x2 - Ex - 4

f'(x) = 3x - Ex - q

c
.

X1 = 1 . 75

we are looking for X2

Numerical Sols of Eas :

Newton-Rhapson Iteration for solving f(x) = o

Xn + 1
= Xn - f(Xn)

f'(xn)

From Newton-Rhagson Iteration : Xz = X1 - f(x)

f'(X
=

)

(1) must find f(x1) by subbing in X= (1 .75) into f(x)

12) must find f'(x1) by differentiating f(x) and subbing in X_K. 75) into f'(x).

(1) +(175) = 177513 - 55) - 4(1 . 75) + 7 =
- 1 . 255003278

(2) f'(x) = 3x2-x
*

- 4 -
use ans from part (b).

f'(7 . 75) = 311. 757 -k. 755
*

- 4 = 3. 297677635

Xz = (1 . 75) -
- 1 . 255003278

3. 297677635

X2 = 2 . 73057185

B = 2 . 131 (3d. p . )
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  

4.  In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

 The complex number z is defined by

z = –3 + 4i

 (a) Determine   z2 3−
(3)

 (b) Express 
50

z*
 in the form kz, where k is a positive integer.

(3)
 (c) Hence find the value of  arg

*

50

z
!
"#

$
%&

  Give your answer in radians to 3 significant figures.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a
.

(z2- 31 = 1(-3 + xi)2 - 3)

= /(9 - 24i + 16) - 3)

= (9-24i + 16( - 1) - 3)

= 1-10 - 24i/

02+ 1-24)
= 26

(z2 - 3) = 26

b . z
*

Is the complex conjugate of Z.

L
flip sign of Imaginary component

z
*

= - 3 - 4i multiply top and bottom

- by complex conjugate of denominator

V

- 3 + 4i
=

50(- 3 +4i)5050, - 3 + 4i (-3 - 4i)(- 3+ xi)

=
- 150 + 200i

9 + 12i - 12i - 16 :
2

=- 150 + 200i

9 - 76 :
2

= - 150 + 200 ;

9 - 16)- 1)
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Question 4 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 4 is 8 marks)

=- 150 +200i

25

== 150 + 200i

25 25

= - 6 + Bi

- 6 + 8i = kz

- 6 + 8i = k(-3 + ti)

- 6 + 8i = - 3k + 4ki

equate real components and imaginary components :

- 6 = - 34 8i = 4ki

2 = k 8 : 4k

2 = R

:. k = 2

C. arg) = arg)-6 + 8i)
use part (b)

- .18 :

am

= +an" (G)

8 arg(z) = T-tan" (g)

o ,garg1z arg(z) = 2 . 214297436
6 Re

arg/) = 2 . 21" 135. 7 .)
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  

5. The equation  5x2 – 4x + 2 = 0  has roots 
1
p

 and 
1
q

 (a) Without solving the equation,

  (i) show that  pq = 
5

2

  (ii) determine the value of  p + q
(4)

 (b) Hence, without finding the values of p and q, determine a quadratic equation 
with roots

p
p2 1+

 and 
q

q2 1+

  giving your answer in the form  ax2 + bx + c = 0  where a, b and c are integers.
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

ai x2- (sum of roots (x + (product of roots) = 0

x
=( + ((x + ( xt) = 0

x-1x +1 = 0

5x2 - 4x + 2 = 0

x2 - 5x + 5 = 0

⑭
=

=

5 = 2pq

E = pa

:. Pq= snown

p +

aii. Pq

pain sub inq value from partl s

p + q=

p +q = 2
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Question 5 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

6 x2- (sum of roots (x + (product of roots) = 0

x2-(p + (x +(p ) = 0 * p + q = 2

x
2 (p(a

+ 1) + a(p +

1)(x + ((p+a +1) = 0
5

(p2 + 1)(q2 + 1) * pq = z

x2 - (pa + p + ap +

a)x + (p2qz + a + 1) = 0
p2qz + pi + q2 + 1

x
2 - ((p + a) + (pa +

gpY)x + ((pq)+( + 94) = 0
(pq(2 + 1 +(p2 + q2)

(p + q) + pq(q + p)
x
= I (pq)2 + 1 + (p+ q)- 2pq (x + )(pal + a p+q- 2pa) = 0

(2) + (E)(2) lx -( + 1 + 12) -2() " "((
+ 1 + 12i - 2(2)) = 0

x2-1 + (5) = 0

2x+ = 0

22- x + 5 = 0

2 + 25

25x2 - 28x + 10 = 0--all integer coefficients

25x - 28x + 10 = 0a= 25
,

b = -28
,

c = 10
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6. (a) Prove by induction that for  n ∈ +

1

0 2

1 2 1

0 2

r rn n

n

!

"
#

$

%
& '

() *!

"
#
#

$

%
&
&

  where r is a constant.
(4)

M N!
"

#
$

%

&
' !

("

#
$

%

&
'

4 0

0 5

1 2

0 2

4

 The transformation represented by matrix M followed by the transformation represented 
by matrix N is represented by the matrix B

 (b) (i) Determine N in the form 
a b
c d
!

"
#

$

%
&  where a, b, c and d are integers.

  (ii) Determine B
(3)

 Hexagon S is transformed onto hexagon S ′	by	matrix	B

 (c) Given that the area of S ′	is	720	square	units,	determine	the	area	of S
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

G
.

11 Base Case : Prove true for n = 1

ins :Tor
ans :Tyler

LHS = RHS : the for n = 1

2) Assume true for n = K :

*
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

13) Prove true for n = k + 1 : Thinking ahead ,
sub in nk + 1 into proof :

This is what we are trying to prove using (2) :

1vk+ 1

=
1(24+

- 1)rDr 102) ( 024+1 (

Make a note so we know

*"T What we are working towards

&(1)+-Pr(o) ((r) + -las-(0)(7) + 124/0) 101(r) + 12"((2)

*

*ra : true for n = k + 1

14) Conclusion

If this result is true for n = K
,

then it is true for n = K + 1. . As the result has been shown to be

true for n = 1
,

then the result is true for all n.

bi. use part(a) - replace v = -2 and n = &

&

-30

D
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

ii
.

Order : B = NM

B=o

B = (1)(4) + 1 -30)(0) (1) (0) +1 - 30)(5)-(0) (d) + (16) (0) (0) (0) + (10)(5)

B =%

C
.

(de+ (B) 1 = area scale factor

x =anc d

def(x) = (a)(d) - (b)(c)

B =%

det (B) = (4)(80) - (- 150)(8)

= 320

det (B) = 320

Area S . F .
= (de+ (B) 1 = 13201 = 320

Area of S x 320 = Area of S'

x X 320 = 720

x=

Area of S =%/ units
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  

7.  In this question use the standard results for summations.

 (a) Show that for all positive integers n

( )12 2 3
2 3 2

1

r r An Bn
r

n
! " # !

#
$

  where A and B are integers to be determined.
(4)

 (b) Hence determine the value of n for which

r r r
r

n

r

n
3

1

2

2

1

12 2 3 270! " ! #
# #
$ $( )

(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a.2 + 20 - 3)

I split summation

into 3

N

: 120+ 2r - [3

tacu tadona

: 12 [v +2-3 Summations
V = 1 21 = n

=

Sr = (n(n+ 1) I must learn !

r=

= 12(5(n+11(2n + 1)] + 2(2n(n +1) - 3(n) Er = In(n+ 1)(2n+

1) in the formulae bookletV = 1

& r3= In+

= 2n(n+ )(an + ) + n(n + 1) - 3n

1 factor out n

= n(2(n+1)(2n + 1) + (n +1) - 3)

: n[2(2n2 + 3n + 1) + n + 1 - 3)

= n(4n + (n + 2 + n + 1 - 3)

= n[4n2 + 7n]

= 4n + 7n

4n3 + 7n2A = 0
,

B = 7
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 7 is 8 marks)

b. r=n

=an (an

+ 2- 3) =

useansto
a

= (an)(an+1) - (4n3 + 7n2) = 270

*n2)(2n+ 12 - 4n3- zn2 = 270

n2 (4n2 + 4n + 1) - 4n3 - 7n2 = 270

&. factor out n2

n2 ((n2 + +n + 1 - an - 7) = 270

n2 [4n2 - 6) = 270

4nt - 6n
2
- 270 = 0

2n - 3n
2

- 135 = 0
can alternatively solve via hidden quadratic

3 2n - 3n2 - 135 = 0

(an+ 1s)(n2- a) = 0 2(n22 - 3n2 - 135 = 0

le + u = n
2

2n+ 15 = 0 n
2

- a = 0 2u - 3u - 135 = 0

n2 = - n2= a
(2u + 15)(u - a) = 0

n= n = 1 3
substitute u = n again

(2n+15)(n
2

- a) = 0,

Q States h is a positive Integer n = 3 only

n = 3
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  

8. Prove by induction that for  n ∈ +

f(n) = 7n – 1 + 82n + 1

 is divisible by 57
(6)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

17) Base Case : check true for n =

(1) - 12(1) +1

1 :
7 + 8

= 513

= 9(57) = divisible by 57

:
true for n = 1

12) Assume true for n = K :

f(x) = 74 - =

+ g2n +

13) Inductive step , prove true for n = K + 1 :

(x+ 1) - 2(k+ 1) + 1

f(k +1) = 7 t 8

2n + 2 + 1

= 7 + 8

= 74 + 8
2k + 3

f(k+ 1) - f(k) = (7) + pin + 3) - (7k - =
+ g2+1)

: [(7)'(7("* + (8(2/0(24+7) - (7k- + g2
+

7)

: =(747) + 64(824
+

7) - (7
-

7) - (82n+7)

= G(z"7) + 63(824
+

7)

= 6 [(z(k-
+ (8(2k + +) + 57(82k+ 7)

=Gf(k) + 57(p2n++)

f(u + 1) - f(k) = Gf(k) + 57(g2k+7)

f(n+1) = 7 f(k) + 57(82n + = )

: f(UH) = 7 f(k) + 57(824+ 7) : true for n = R + 1
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 8 is 6 marks)

14) Conclusion

If this result is true for n = K
,

then it is true for n = K + 1 . As the result has been shown to be true for n = <,

then the result is true for all n.
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  

9. The rectangular hyperbola H has equation  xy = c2  where c is a positive constant.

 The point P ct c
t

,!
"#

$
%&

, where  t > 0, lies on H

 (a) Use calculus to show that an equation of the normal to H at P is

t3x – ty = c(t4 – 1)
(4)

 The parabola C has equation  y2 = 6x

 The normal to H at the point with coordinates (8, 2) meets C at the point Q where  y > 0

 (b) Determine the exact coordinates of Q
(4)

 Given that

• the point R is the focus of C

• the line l is the directrix of C

• the line through Q and R meets l at the point S

 (c) determine the exact length of QS
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

ax e
-

sub in paint pl ct ) :

&
2+1(t ,)

= -
=

Mtangent : -
2

Mnormal : t

set my line equ y -y .
= m(X - xi) with m = -

?

(x, y . ) = (ct , - (

y - = = t (x - c)

t(y - E = +(t2(X - xt)

ty - c = +3(x- ct)

ty - c = t 3x - ct9

(t" - c = t*x - +y = +3x- ty = c(t) - 1)
, snown
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Question 9 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b . (8
, 2) lies on hyperbola,

H.

.
.
(ct , z) = (8, 2)

(t = 8 = = 2

↓ C = 2t

&sub in c = 2t

2 + xt = 8

2x2= 8

+
2

= 4

t = = m = = 2

However
,

& states + > 0 + = + 2

sub t = 2 back into either equ to find C.

C = 2t

c = 2(2) : 4

: c = 4
,

t = 2

sub C = 4
, t = 2 into normal line ea

23x - 2y = x(2) - 1)

8x - 2y = 60

Solve Ox-2y = 60 and y2 = 6x simultaneously.

(1) 8x - 2y = 60

(2) y2= Gx

()8x - 2y =

6) + 2

4x - y = 30

y = 4x - 30

Sub y : 4x-3 0

I into (2)

(4x- 30)2 = Ga

16x2 - 240x + 900 = Gx

16x2 - 246x + 900 = 0
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Question 9 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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(8x - 75)(2x - 12) = 0

x= or x = 6

↓ subinto eitherrefund y-word.

8x - 2y = 60

4x - y = 30

y = 4x- 30

x = E , y = + 18 - 30=

x = G, y : 4(6) - 30 = - 6

15) or -6)
↳

Q states yo

: must reject soi

Q)

c
.

y = Gx

y2 = x(g)xa :%z

focus R(Z , 0)

directrx line 2 : xc =-

(1) find line ea" between Q and R.

Man= -0
: Go

E-

set up line equ y-y .
= m(X-Xi) with ma

(x, y . ) = (2 ,
0 (

y - 0 = E (x-2)

Y= x-
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Question 9 continued
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solve line I and line through Q and R simultaneously to find point S :

(1)x =
- 3

Sub x = -3/2 into

(2) y :Ee 121 and solve for a

y = 2) 2)-

y = - G

: Sl- 2 ,- )

13) find 11 QS II

Distance between 2 points :

#-- i+/--
2 Me-X, (2+ (x2-Y, )

2

for points (X1 , %1) & (Xc , 2)

-

IlQSI1= units


